With an analytical solutions of DGLAP evolution equations based on the Laplace transform method , we find the fragmentation functions (FFs) of neutral mesons, π 0 and k 0 at NLO approximation. We also calculated the total fragmentation functions of these mesons and compared them with experimental data and those from global fits. The results show a good agreements between our solutions and other models and also are compatible with experimental data.
Introduction
Fragmentation process is the QCD process in which partons hadronize to colorless hadrons. In this transition, the parton fragmentation function, D h i (z, Q 2 ), represents the probability for a parton i to fragments into a particular hadron h carrying a certain fraction of the parton energy or momentum. Therefore, these fragmentation functions (FFs) are essential inputs to study the hadron production in any processes like pp, ep, γp and γγ scattering.
Recently we have used Laplace transformation and provided an analytical solution to DGLAP equations to calculate the proton, pion and kaon fragmentation functions.
3 This method had provided analytical solutions to Polarized Parton Distribution Functions (PPDFs) too. 4, 5 In the present paper we will used the results of this new method introduced by Block et al. [6] [7] [8] [9] [10] [11] to calculate the neutral mesons,π 0 and k 0 fragmentation functions. Therefore, our main task here is using our solutions for charged pion and kaon fragmentation functions, 3 for calculating the neutral mesons, π 0 and k 0 fragmentation functions. These solutions enable us to use the neutral mesons data in a global fit, in addition to all experimental data for total fragmentation functions of charged mesons, to determination of FFs. The paper is organized as follows. In Section 2 we review the Laplace transform method of non-singlet, singlet and gluon DGLAP evolution equations for extracting the fragmentation functions. These solutions led us to π + and k + FFs. Then, in Section 3 we utilize the charge conjugation symmetry to calculate the fragmentation functions of π − and k − . This led us to natural mesons fragmentation functions. Finally in section 4 we calculated the fragmentation functions of neutral mesons, π 0 and k 0 and also compared them with available experimental data [25] [26] [27] [28] and those from global fits.
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2. Fragmentation Functions via decoupling of the DGLAP evolution equations by Laplace transform method 2.1. Non-singlet case:
The fragmentation of valence quarks into hadrons defined the non-singlet fragmentation functions. The evolution of non-singlet fragmentation function are given by DGLAP evolution equations at NLO approximation as:
∂D ns ∂ ln(Q 2 ) (z, Q 2 ) = D ns ⊗ P LO,ns qq
where
The ⊗ symbol in Eq. (1) refers to the convolution integral. In the new method introduced by Block et al. [6] [7] [8] [9] [10] [11] ,The DGLAP evolution equations can be solved by Laplace transform approach. To summarized, by introducing two variable ν ≡ ln(
, and two Laplace transforms from ν space to s space and from τ space to U space, the DGLAP evolution equations can be solved iteratively by a set of convolution integrals which are related to initial input Fragmentation Functions at scale of Q us back to the usual space (z, Q 2 ). 3 We defined zD ns (z, Q 2 ) = F ns (z, Q 2 ), and find the solution of non-singlet DGLAP evolution equation, Eq. (1) in s space as 3 :
where tions and are given in Appendix. A of. 3 The τ 2 parameter is defined as
is the Laplace transform of initial valence quark fragmentation functions at Q 0 = 4.5GeV . They are selected from HKNS code 12 to be sure about our analytical solutions of DGLAP evolution equation. Finally, with an inverse Laplace transform of Eq. (3), 11 one can derive the valence quark fragmentation functions in (z, Q 2 ) space.
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The singlet and gluon case:
At NLO approximation, the singlet and gluon fragmentation functions are given by these two coupled DGLAP evolution equations:
, the solutions of these coupled DGLAP evolution equations in Laplace (s, U ) space can be calculated as: (10) here the F (s, U ) and G(s, U ) are the Laplace transformed of singlet and gluon fragmentation functions in (s, U ) space. Initial input fragmentation functions are denoted by f 0 (s) and g 0 (s). As we mentioned before, these initial inputs are selected from HKNS code 12 at initial scale of Q 0 = 4.5GeV . The parameters of a1 = 0.025 and b1 = 10.7 are the best fit parameters to a(τ ) = αs(τ ) 4π ≈ a 0 + a 1 e −b1τ at NLO approximation. 6 The functions Φ f,g and Θ f,g specified the laplace transformation of splitting functions and can be found in 3 and also given in Appendix A:
With the initial input functions for f 0 (s) and g 0 (s), their evolved solutions in the Laplace s space are given by
where the k's in Eq. (13) are given in Appendix. B of Ref. 3 for the first iteration. Finally, the singlet and gluon fragmentation functions in (z, Q 2 ) space can be calculated with known inverse laplace transform. 11 Our results in Ref. 3 show a nice agreement between these analytical solution and other global fits results for charged mesons π + and k + .
Natural pions and kaons fragmentation functions and the role of charge conjugation symmetry
The fragmentation function of total sea quarks is defined as follows
Where
Because the heavier sea quarks can produce hadrons with higher probability, we simply parameterized the fraction of different kind of sea quarks fragmentation functions as their mass ratio and then we have:
The parameters of A and B are summarized in Table 1 in. 3 We also used these flavor symmetries between different kinds of fragmentation functions in π + , K + :
To calculate the natural mesons fragmentation functions, we first used the charge conjugation symmetries related the π Finally the neutral mesons fragmentation functions can be obtained by:
Figures (1) and (2) show the results of fragmentation functions of neutral pions and kaons at
We also compared our results with those of AKK, DSS and HKNS codes 12, 15, 16 to be sure about our analytical solutions.
Total Fragmentation Functions
According to the factorization theorem, 22 the total fragmentation function can be expressed in terms of the partonic hard scattering cross sections and the nonperturbative fragmentation functions as:
where, σ tot is the total hadronic cross section. 24 The C i (z, Q 2 ) is the Wilson coefficient function related to the partonic cross section e − e + →and calculated in perturbative QCD as:
3 . The total fragmentation functions of natural pion,π 0 and kaon, K 0 are shown in Fig. (3) and Fig. (4) . We compared our result with those from HKNS global fit and also with data from TASSO, ALEPH,TOPAZ and OPAL experiments. [25] [26] [27] [28] The agreement between experimental data and our model is quite reasonable. This means that our analytical solutions are correct. We also compared our results with HKNS global fit.
Conclusions and Remarks
Using the analytical solutions to DGLAP evolution equation,based on the Laplace transforms, we find the fragmentation functions of the neutral pions and kaons. Finding these solutions enable us to use the natural mesons experimental data for total fragmentation functions in a global fit to determination of fragmentation functions. This technique has the facility that the analytical solution of the fragmentation functions are obtained more strictly by using the related kernels and the calculations controlled in a better way. We have used the HKNS code for initial input fragmentation functions to be sure about our analytical solutions. Our results for natural pions and kaons are compared with those from global fits and also with experimental data and there is a reasonable agreements between them. 
